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Abstract
The propagation of small sinusoidal modulations in the infinite, parallel-plane diode
has been studied. A second-order differential equation has been obtained for the
alternating convection current. Solutions have been found in closed form for the cases
of a drift-stream, space-charge-limited acceleration, and acceleration with an arbi-
trary current density less than the space-charge-limited value.
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PROPAGATION OF DISTURBANCES IN ACCELERATED ELECTRON STREAMS
I. ONE-DIMENSIONAL ACCELERATED STREAMS
Introduction
This report is concerned with the propagation of small a-c signals or disturbances
in one-dimensional electron streams. The electron flow is assumed to be in the z
direction, and there are no variations of any quantities in the x or y directions. It is
further assumed that the velocity is single-valued at every point (the region between the
cathode and virtual cathode is thus excluded). We shall be concerned only with small
signals: i. e. fluctuations whose amplitude is small compared with the direct current
or velocity, as the case may be.
A second-order differential equation is derived, giving the variation of the alter-
nating convection current density with z as a function of the d-c density and the d-c
velocity, vo . This equation is solved for three cases: 1. The drift space, dv /dz = 0;
2. Space-charge limited flow, v - z ;2 / 3 and 3. Arbitrary space-charge conditions.
The solutions, thus obtained, give the familiar space-charge waves for the drift
region; and for the accelerated stream case, the final results are the same as those
obtained by Llewellyn (1, 2) and Benham (3).
Although the final results of this analysis are the same as those previously obtained
by other authors, it is felt that the form of the solution is such as to throw new light on
the nature of the phenomenon under consideration. The differential equation for the
alternating convection current has already found application in a number of specific
problems which will be discussed in future publications.
The Differential Equation
The now familiar technique of describing the various electrical quantities as sums
of d-c and small a-c components will be used as follows
Electron velocity = v = v + vl ej °t
Charge density = p = P + P1 e jt
Potential = = V + V 1 ej wt
Convection current density = J = Jo + J 1 ejwt . (1)
All quantities with subscripts are assumed to be functions of z only, where z is
measured in the direction of electron flow. J is, of course, independent of z.
The fundamental equations are
J = pv PoVo + (P  PlVo ) ej+t (2)
ap=aJ (3)
ZT 7a-z (3
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aV dv av v az
- Z = -/ = -= + '/3T (5)
where l = e/m.
It is assumed that the solution of the d-c problem is known for the particular diode
being studied, so that we are only interested in finding the a-c solutions for current
density, velocity, etc. Thus, separating out the a-c terms and replacing a/at by jw, we
find that Eq. 5 becomes
dV1 dv dv
- _n -2- = jWv + Vo 'E + vl -z- (6)
Equations 3 and 4 combine to give
dV dJ
1 1 1 (7)
dz2~~ ~ J~E~~ z(7)
Integration of Eq. 7 results in
dV1 J11- = j - E (8)
The constant of integration E is independent of z and represents an impressed field
Eejwt. The total a-c density is the sum of the convection and displacement current
densities
dV
JT = J1 - j 1E = jeE (9)
Thus, the total current in the infinite parallel-plane diode is just the displacement cur-
rent due to the impressed field E. E may be due to an external source, or it may be the
result of induced currents in the electrodes, flowing through an external impedance.
Since J is independent of z, it follows from Eq. 2 that
1 dPo dvo
-P dz -- v dz- (10)0
Then combining Eqs. 2, 3, 6, 8 and 10 a differential equation in J1 and z is obtained
J 1 + J dv 1 2 dv
h0 e 0 /i v0 v0 oEv0
The solution of this equation can be found by the usual technique of first solving the
homogeneous differential equation E = 0. The a-c velocity can be found, once J1 is
known, from
-2-
vv1 =J
o
(J v dJ \
i + * ° 7rZ (12)
Solution of the Homogeneous Differential Equation (Zero Total Current, E = 0)
Solutions of the form
J 1 = exp(-jf I dz ) = e-JTJI -s·-~(i-0 (13)
will be sought where both J1 and are functions of z only, and T is the transit time
between any two planes in the absence of an a-c signal. Substituting Eq. 13 into Eq.
with E = 0 gives us
an 3 o o a 0
o EV
o
11,
(14)
The Drift Space
Assume a drift region in which only the longitudinal
neutralized, then with dvo/dz = 0, we find
d-c space-charge forces are
+ j pz
= P 8E ivoE0
(15)
and p Ppv
o
From Eqs. 12 and 13 we find the well-known solutions for the a-c density and the
a-c velocity
J1 = (Ae jPz + BePz ) e jPz
-v 
JO 0
(16)
(Ae -P _ Be e (17)
where p = w/v .
0
Space-Charge Limited Flow
In space-charge limited flow v = kz 2 / 3 where k = (99Jo/2E) 1/ 3 , and qJ /v 3 = 2/9z 2
if the potential minimum is at z = 0. Equation 14 becomes
(18)
The solutions of Eq. 18 are
= Az- 1/3 + Bz- 2/3
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(19)
----- 
-- 
-
--__-11---··- -- ^
n +2 +2 0 .
I z 9z 
Thus, the current density and velocity are found to be
1 = [Az- 1/3 + Bz 2/3 e- jT (20)
Vl =-2 [A + 2Bz 1/31 e- joT (21)
where
3z1/3T 3 
v k0
The constants A and B can be found from the known values J and vS at a plane
Z = S.
J ={ zs1)1/3 /3 k3jwJ[( /3 Vs - z (22)
Vl = 3 ( s)/3 _ (s)/ + v()s e (2)S/ 1'Z k zS1/3 SJ 1 I 2J k z1/3 j)1/3 2/3 F/ l/3
L) +V-Z Z(s) (3)
where 4 = 3jwo/k (z1/3 _ s1 / 3 ) *
Arbitrary Space Charge
Now let the diode operate at a current density Jo < Jmax' where Jmax is the space-
charge limited current. It can be shown that z and vo are related by
(z - zo)2 = V (v o2b) 2 (v + b) (24)
where z = - (e2C3/2 /(3Jo), b = (lC 1 )/(2Jo), vo = 0 at z = 0, and C1 is the electric
gradient at z = 0. Since vo is not given explicitly in Eq. 24, we can help matters by
changing the independent variable in Eq. 14 from z to v o .
d v dv 2 Jo dv 2[o 2 4 ( ( )+ = (25)Then using Eq. 24
Then using Eq. 24
*Since the entire derivation has been based upon the small signal approximation v1 << vo,
it is not clear what happens as s-0 where v -0. It should be noted, however, that
reasonably good quantitative computations, based on Rack's (4) and Llewellyn's anal-
ysis, have been made for high frequency tubes, in which it has been assumed that the
equations can be used where vo = 0.
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+ F 5vv + 4b
dv 0 2v(v 0 + b)0
Thus the current and velocity are found to be
J. vo + vo}
V j J= E
I v v + b)o( =000o
e
- jwT
Jv + b v + Zb
v 2v 
o o
e- jwT
where v is the d-c velocity at z. If the flow is space-charge limited C 1 = b = 0,
equations reduce to Eqs. 20 and 21.
and the
The Inhomogeneous Equation (E 0)
The method of variation of constants (5) may be used to solve the equations for
E 0. When this is done for the drift space, we find
J1 = (Ae
- o
o
jpZ + BeJp ) e
( Ae- jpZ
- jpz + jcE
+ j(oEE
- BejpZ) e jpz oEE+ jVo '
o
In the same way the complete solution for the accelerated diode with arbitrary space
charge is found to be
+Bfv + b
v
Vo + b
A v
e- j(oT + jJoE
(v + b)l
+ B o , e
/ 2(vo + b) inJo
jwv0 /C
When the current is space-charge limited b = 0 and Eqs. 31 and 32 become
+ B
o-
jWT + J 0 E+ j O
o
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(26)
(27)
(28)
2
op
2 Z
- p
(29)
(30)
2
p
Z Z
-Op
-l 2J1 Vo
-1
v = I J: IJ-
(31)
) (32)
(33)
I
I
- jT
+ jE 
W
I
V1 =:+ i A+ B e- jwT + jE (1 + ilO) (34)
To be symmetrical with Eqs. 29 and 30, these may be rewritten
2
J1 = A + oo e- jT + j.E - (33a)
2
p(A +e j+ T + j (34a)
o o- A j
where
2 0lJo
Up E v
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